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TRIGONOMETRIC 
FUNCTIONS 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

RECIPROCAL 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 

RATIO 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

tan(𝜃) =
𝑂

𝐴
 

cot(𝜃) =
𝐴

𝑂
 

sec(𝜃) =
𝐻

𝐴
 

csc(𝜃) =
𝐻

𝑂
 

cs
c

𝜃
 

𝜃 

𝜃 𝜃 

𝜃 

cos 𝜃 

si
n

𝜃
 

sec 𝜃 

1 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

tan(𝜃) =
𝑂

𝐴
 

csc(𝜃) =
𝐻

𝑂
 

sec(𝜃) =
𝐻

𝐴
 

cot(𝜃) =
𝐴

𝑂
 

csc(𝜃) =
1

sin(𝜃)
 

sec(𝜃) =
1

cos(𝜃)
 

cot(𝜃) =
1

tan(𝜃)
 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

tan(𝜃) =
𝑂

𝐴
 

csc(𝜃) =
𝐻

𝑂
 

sec(𝜃) =
𝐻

𝐴
 

cot(𝜃) =
𝐴

𝑂
 

tan(𝜃) =
sec(𝜃)

csc(𝜃)
 cot(𝜃) =

csc(𝜃)

sec(𝜃)
 

cot(𝜃) =
cos(𝜃)

sin(𝜃)
 tan(𝜃) =

sin(𝜃)

cos(𝜃)
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PYTHAGOREAN 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SYMMETRY 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

sinଶ(𝜃) + cosଶ(𝜃) = 1 

sinଶ(𝜃)

cosଶ(𝜃)
+

cosଶ(𝜃)

cosଶ(𝜃)
=

1

cosଶ(𝜃)
 

tanଶ(𝜃) + 1 = secଶ(𝜃) 

sinଶ(𝜃)

sinଶ(𝜃)
+

cosଶ(𝜃)

sinଶ(𝜃)
=

1

sinଶ(𝜃)
 

1 + cotଶ(𝜃) = cscଶ(𝜃) 

The graph of  sin(𝜃)  is symmetric about the origin, 
therefore… 

sin(−𝜃) = − sin(𝜃) 

The graph of  cos(𝜃)  is symmetric about the y-axis, 
therefore… 

cos(−𝜃) = cos(𝜃) 

The graph of  tan(𝜃)  is symmetric about the origin, 
therefore… 

tan(−𝜃) = − tan(𝜃) 
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SIN and COS of SUMS (and DIFFERENCES) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

TAN of SUMS (and DIFFERENCES) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tan (𝛼 + 𝛽) =
tan 𝛼 + tan 𝛽

1 − tan 𝛼 ∙ tan 𝛽
 

     tan(𝛼 − 𝛽) = tan൫𝛼 + (−𝛽)൯ 
 

=
tan 𝛼 + tan(−𝛽)

1 − tan 𝛼 ∙ tan(−𝛽)
 

sin(𝛼 + 𝛽) = sin 𝛼 ∙ cos 𝛽 + cos 𝛼 ∙ sin 𝛽 

tan(−𝛽) = −tan 𝛽 

tan (𝛼 − 𝛽) =
tan 𝛼 − tan 𝛽

1 + tan 𝛼 ∙ tan 𝛽
 

sin(𝛼 − 𝛽) = sin 𝛼 ∙ cos 𝛽 − cos 𝛼 ∙ sin 𝛽 

sin(𝛼 − 𝛽) = sin ൫𝛼 + (−𝛽)൯ 
                     = sin 𝛼 ∙ cos (−𝛽) + cos 𝛼 ∙ sin (−𝛽) 

cos(𝛼 + 𝛽) = cos 𝛼 ∙ cos 𝛽 − sin 𝛼 ∙ sin 𝛽 

cos(𝛼 − 𝛽) = cos 𝛼 ∙ cos 𝛽 + sin 𝛼 ∙ sin 𝛽 

cos(𝛼 − 𝛽) = cos ൫𝛼 + (−𝛽)൯ 
                      = cos 𝛼 ∙ cos (−𝛽) − sin 𝛼 ∙ sin (−𝛽) 

𝛼 + 𝛽 

1 − tan (𝛼) ∙ tan (𝛽) tan 𝛼 ∙ tan 𝛽 

ta
n

 𝛼
+

ta
n

β
 

𝛼 

𝛼 

1 

𝛽 

ta
n

𝛼
 

ta
n

𝛽
 

si
n

 (
𝛼

+
𝛽

)  

1 

cos (𝛼 + 𝛽) sin 𝛼 ∙ sin 𝛽 

𝛼 

cos 𝛼 ∙ cos 𝛽 

𝛽 

𝛼 

si
n

𝛼
∙c

o
s

𝛽
 

co
s

𝛼
∙s

in
𝛽

 

𝛼 + 𝛽 
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DOUBLE ANGLE FORMULAE 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

sin(𝛼 + 𝛽) = sin 𝛼 ∙ cos 𝛽 + cos 𝛼 ∙ sin 𝛽 

sin(2𝜃) = sin(𝜃 + 𝜃) = sin 𝜃 ∙ cos 𝜃 + cos 𝜃 ∙ sin 𝜃 

sin(2𝜃) = 2 ∙ sin 𝜃 ∙ cos 𝜃 

cos(𝛼 + 𝛽) = cos 𝛼 ∙ cos 𝛽 − sin 𝛼 ∙ sin 𝛽 

cos(2𝜃) = cos(𝜃 + 𝜃) = cos 𝜃 ∙ cos 𝜃 − sin 𝜃 ∙ sin 𝜃 

cos(2𝜃) = (1 − sinଶ𝜃) − sinଶ𝜃 

cos(2𝜃) = cosଶ𝜃 − (1 − cosଶ𝜃) 

= 1 − 2 ∙ sinଶ𝜃 

tan(𝛼 + 𝛽) =
tan 𝛼 + tan 𝛽

1 − tan 𝛼 ∙ tan 𝛽
 

tan(2𝜃) = tan(𝜃 + 𝜃) =
tan 𝜃 + tan 𝜃

1 − tan 𝜃 ∙ tan 𝜃
 

tan(2𝜃) =
sin(2𝜃)

        cos(2𝜃)        
 

cos(2𝜃) = cosଶ𝜃 − sinଶ𝜃 

= 2 ∙ cosଶ𝜃 − 1 

tan(2𝜃) =
2 ∙ tan 𝜃

     1 −  tanଶ 𝜃     
 

=
2 ∙ sin 𝜃 ∙ cos 𝜃

cosଶ𝜃 − sinଶ𝜃
 

∙ ቆ
cosଶ 𝜃

cosଶ 𝜃
ቇ = 
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HALF ANGLE FORMULAE 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

cos(2𝜃) = 1 − 2 ∙ sinଶ𝜃 

2 ∙ sinଶ𝜃 = 1 − cos(2𝜃) 

sinଶ𝜃 =
1 − cos(2𝜃)

2
 

sin 𝜃 = ±ඨ
1 − cos(2𝜃)

2
 

sin 
∅

2
= ±ඨ

1 − cos(∅)

2
 

∅

2
= 𝜃 

cos(2𝜃) = 2 ∙ cosଶ𝜃 − 1 

2 ∙ cosଶ𝜃 = 1 + cos(2𝜃) 

cosଶ𝜃 =
1 + cos(2𝜃)

2
 

cos 𝜃 = ±ඨ
1 + cos(2𝜃)

2
 

cos 
∅

2
= ±ඨ

1 + cos(∅)

2
 

tan 
∅

2
=

sin  
∅
2

cos  
∅
2

=
± ට

1 − cos(∅)
2

± ට
1 + cos(∅)

2

 

tan 
∅

2
= ±ඨ

1 − cos(∅)

1 + cos(∅)
 

tan 
∅

2
 =  

ඥ1 − cos(∅)

ඥ1 + cos(∅)
∙

ඥ1 + cos (∅)

ඥ1 + cos (∅)
 =  

ඥ1 − cosଶ(∅)

1 + cos(∅)
 

tan 
∅

2
 =  

ඥ1 − cos(∅)

ඥ1 + cos(∅)
∙

ඥ1 − cos (∅)

ඥ1 − cos (∅)
 =  

1 − cos(∅)

ඥ1 − cosଶ(∅)
 

=
sin(∅)

1 + cos(∅)
 

=
1 − cos(∅)

sin(∅)
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LAW of SINES DERIVATION 
 
     Equation 1 sinh c A   
 
     Equation 2 sinh a C   
 
Equate the right sides of equations 1 and 2 and rearrange… 
 

     Equation 3 
sin sin

a c

A C
  

 

        Note:  
sin sin

a b

A B
   and  

sin sin

b c

B C
   are derived similarly. 

 

Law of Sines…       
sin sin sin

a b c

A B C
       or 

sin sin sinA B C

a b c
   

 
LAW of COSINES DERIVATION 
 

     Equation 4  22 2 2 2h a y a b x      

 
     Equation 5 2 2 2h c x   
 
Equate the right sides of equations 4 and 5 and rearrange… 

    22 2 2a b x c x     

     Equation 6 2 2 2 2a b c bx    
 
     Equation 7 cosx c A   
 
Substitute for  x   from equation 7 into equation 6… 
 

     Equation 8 2 2 2 2 cosa b c bc A      Note:  equations for  2b   and  2c  
         are derived similarly. 

Law of Cosines…       
2 2 2

cos
2

b c a
A

bc

 
      or     

2 2 2 2 cosa b c bc A     
 

      alternate versions      
2 2 2

cos
2

a c b
B

ac

 
      or     

2 2 2 2 cosb a c ac B     
 

         
2 2 2

cos
2

a b c
C

ab

 
      or     

2 2 2 2 cosc a b ab C     
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 Area ABD  =  Area ABE  =  
௫⋅௛

ଶ
 

 
 

 Area CBD  = Area CBF  =  
௬⋅௛

ଶ
 

 
 
 
 
 
 
Therefore… 
 
 Area of Triangle ABC…   
 
 
 

 ℎ = 𝑎 ⋅ 𝑠𝑖𝑛 𝐶 
 
Therefore… 
 
 Area of Triangle ABC…   
 
 
 

 𝑏 =
௔⋅௦௜௡ ஻

௦௜௡ ஺
 

 
Therefore… 
 
 Area of Triangle ABC…   
 
 
 
 
 
 
 
 
 
 

𝐴𝑟𝑒𝑎 =
𝑎ଶ ⋅ 𝑠𝑖𝑛 𝐵 ⋅ 𝑠𝑖𝑛 𝐶

2 ⋅ 𝑠𝑖𝑛 𝐴
 

 

𝐴𝑟𝑒𝑎 =
𝑎 ⋅ 𝑏 ⋅ 𝑠𝑖𝑛 𝐶

2
 

𝐴𝑟𝑒𝑎 =
𝑏 ⋅ ℎ

2
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HERON’S FORMULA DERIVATION 
 
     Equation 1   𝐴𝑟𝑒𝑎 =  

𝑏∙ℎ

2
 

 
From triangle ABD…  𝑥ଶ + ℎଶ = 𝑐ଶ 
 
     Equation 2   𝑥ଶ = 𝑐ଶ − ℎଶ 
 
     Equation 3    𝑥 = √𝑐ଶ − ℎଶ 
 
From triangle CBD…  (𝑏 − 𝑥)ଶ + ℎଶ = 𝑎ଶ 
 
     (𝑏 − 𝑥)ଶ = 𝑎ଶ − ℎଶ 
 
     Equation 4   𝑏ଶ − 2𝑏𝑥 + 𝑥ଶ = 𝑎ଶ − ℎଶ 
 
Substitute 𝑥 and 𝑥ଶ from Equations 3 and 2 into Equation 4 … 
 
     𝑏ଶ − 2𝑏√𝑐ଶ − ℎଶ + (𝑐ଶ − ℎଶ) = 𝑎ଶ − ℎଶ 
 
     𝑏ଶ + 𝑐ଶ − 𝑎ଶ = 2𝑏√𝑐ଶ − ℎଶ 
 
Square both sides …  (𝑏ଶ + 𝑐ଶ − 𝑎ଶ)ଶ = 4𝑏ଶ(𝑐ଶ − ℎଶ) 
 

     
൫௕మା௖మି௔మ൯

మ

ସ௕మ
= 𝑐ଶ − ℎଶ 

 

     ℎଶ = 𝑐ଶ −
൫௕మା௖మି௔మ൯

మ

ସ௕మ
 

 

     ℎଶ =
ସ௕మ௖మି൫௕మା௖మି௔మ൯

మ

ସ௕మ
 

 

     ℎଶ =
(ଶ௕௖)మି൫௕మା௖మି௔మ൯

మ

ସ௕మ
 

 

     ℎଶ =
ൣଶ௕௖ା൫௕మା௖మି௔మ൯൧∙ൣଶ௕௖ି൫௕మା௖మି௔మ൯൧

ସ௕మ
 

 

     ℎଶ =
ൣଶ௕௖ା௕మା௖మି௔మ൧∙ൣଶ௕௖ି௕మି௖మା௔మ൧

ସ௕మ
 

 

     ℎଶ =
ൣ൫௕మାଶ௕௖ା మ൯ି௔మ൧∙ൣ௔మି൫௕మିଶ௕௖ା௖మ൯൧

ସ௕మ
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     ℎଶ =
ൣ(௕ା௖)మି௔మ൧∙ൣ௔మି(௕ି௖)మ൧

ସ௕మ
 

 

     ℎଶ =
[(௕ା௖)ା௔]∙[(௕ା௖)ି௔] ∙ [௔ା(௕ି௖)]∙[௔ି(௕ି௖)]

ସ௕మ
 

 

     ℎଶ =
(௕ା௖ା௔)(௕ା௖ି௔)(௔ା௕ି௖)(௔ି௕ା௖)

ସ௕మ
 

 

     ℎଶ =
(௔ା௕ା௖)(௕ା௖ି௔)(௔ା௖ି௕)(௔ା௕ି௖)

ସ௕మ
 

 

     ℎଶ =
(௔ା௕ା௖)(௔ା௕ା௖ିଶ௔)(௔ା௕ା௖ିଶ௕)(௔ା௕ା௖ିଶ௖)

ସ௕మ
 

 

Since 𝑃 = 𝑎 + 𝑏 + 𝑐  …  ℎଶ =
௉(௉ିଶ௔)(௉ିଶ௕)(௉ିଶ௖)

ସ௕మ
 

 

     Equation 5    ℎ =  
ඥ௉(௉ିଶ௔)(௉ିଶ௕)(௉ିଶ௖)

ଶ௕
 

 
Substitute ℎ from Equation 5 into Equation 1 … 
 

     𝐴𝑟𝑒𝑎 =  
ଵ

ଶ
𝑏

ඥ௉(௉ିଶ௔)(௉ିଶ௕)(௉ିଶ௖)

ଶ௕
 

 

     𝐴𝑟𝑒𝑎 =  
ଵ

ସ
ඥ𝑃(𝑃 − 2𝑎)(𝑃 − 2𝑏)(𝑃 − 2𝑐) 

 

     𝐴𝑟𝑒𝑎 =  ට
ଵ

ଵ଺
𝑃(𝑃 − 2𝑎)(𝑃 − 2𝑏)(𝑃 − 2𝑐) 

 

     𝐴𝑟𝑒𝑎 =  ටቀ
௉

ଶ
ቁ ቀ

௉ିଶ௔

ଶ
ቁ ቀ

௉ିଶ௕

ଶ
ቁ ቀ

௉ିଶ௖

ଶ
ቁ 

 

     𝐴𝑟𝑒𝑎 =  ට
௉

ଶ
ቀ

௉

ଶ
− 𝑎ቁ ቀ

௉

ଶ
− 𝑏ቁ ቀ

௉

ଶ
− 𝑐ቁ 

 
Thus... 
 
Given the three sides of a triangle (a, b, and c) … 
 
 
The area of the triangle is:   
 
 
Where the semi perimeter is: 
 
 

𝐴𝑟𝑒𝑎 =  ඥ𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐) 

𝑠 = 𝑃/2 =  (𝑎 + 𝑏 + 𝑐)/2 
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LAW of COSINES DERIVATION 
 
Sides AD and AP are tangent at A such that… 
   DAP = spherical angle A 
   DAO = 90° 
   PAO = 90° 
 
In plane triangle DPO… 
     Equation 1 cos2222  DOPODOPODP  
 
In plane triangle ADP… 
     Equation 2 AAPADAPADDP cos2222   
 
In right triangle APO… 
     Equation 3 222 APPOAO   
 
In right triangle ADO… 
     Equation 4 222 ADDOAO   
 
Equate the right sides of equations 1 and 2 and rearrange… 
   AAPADAPADDOPODOPO cos2cos2 2222    
     Equation 5 AAPADDOPOAPADDOPO cos2cos22222    
 
Add equations 3 and 4 and rearrange… 
   222222 ADDOAPPOAOAO   
     Equation 6 222222 APADDOPOAO   
 
Equate the left side of equation 6 to the right side of equation 5 and rearrange… 
   AAPADDOPOAO cos2cos22 2    
   coscos2  DOPOAAPADAO  
 

    A
DOPO

ADAP

DOPO

AOAO
coscos








        Acossinsincoscos    

          note… a , b , c  
 

Law of Cosines…  Acbcba cossinsincoscoscos    
 

     Bcacab cossinsincoscoscos   alternate versions 
 

     Cbabac cossinsincoscoscos   
  

 

 

 

O 

A D 

P 

C 
B 

90° 
b 

a 

c 
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LAW of SINES DERIVATION 
 
     Equation 7 Acbcba cossinsincoscoscos   
 
     Equation 8 Bcacab cossinsincoscoscos    by Law of Cosines 

 
     Equation 9 Cbabac cossinsincoscoscos   
 
 
Rearrange equations 7, 8 and 9… 
 
     Equation 10 cbAcba sinsincoscoscoscos    ( from 7 ) 
 
     Equation 11 caBcab sinsincoscoscoscos    ( from 8 ) 
 
     Equation 12 baCbac sinsincoscoscoscos    ( from 9 ) 
 
 
Using equation 10, square both sides… 

cbAcbcbaa 222222 sinsincoscoscoscoscoscos2cos   
 
Apply the trig identity     22 sin1cos  … 

        cbAcbcbaa 222222 sinsinsin1sin1sin1coscoscos2sin1   
 

 cbbccbaa 22222 sinsinsinsin1coscoscos2sin1  
        cbAcb 22222 sinsinsinsinsin   
 
     Equation 13 cbAcbacba 222222 sinsinsincoscoscos2sinsinsin2   
 
Using equation 11 yields… 
     Equation 14 caBcbacba 222222 sinsinsincoscoscos2sinsinsin2   
 
Using equation 12 yields… 
     Equation 15 baCcbacba 222222 sinsinsincoscoscos2sinsinsin2   
 
 
Equate the right sides of equations 13, 14 and 15 and rearrange… 
 

Law of Sines…   
C

c

B

b

A

a

sin

sin

sin

sin

sin

sin
  
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LAW of COTANGENTS DERIVATION 
 
     Equation 16 BaAb sinsinsinsin         … by Law of Sines 
 
     Equation 17 Acbcba cossinsincoscoscos   
 
     Equation 18 Bcacab cossinsincoscoscos    by Law of Cosines 

 
     Equation 19 Cbabac cossinsincoscoscos   
 
 
Substitute for  bcos   from equation 18 into equation 17… 
    AcbcBcacaa cossinsincoscossinsincoscoscos   
 
  AcbBccacaa cossinsincoscossinsincoscoscos 2   
 
  AbcBcaccaa cossinsincoscossinsincoscoscos 2   
 

     AbBcacca cossincoscossinsincos1cos 2   
 
Apply the trig identity     22 cos1sin  … 

   AbBcacca cossincoscossinsinsincos 2   
   
  AbBcaca cossincoscossinsincos   
 
Rearrange and divide both sides with equation 16… 

 
Ba

Bcaca

Ab

Ab

sinsin

coscossinsincos

sinsin

cossin








 

 

Law of Cotangents…  
B

Bcca
A

sin

coscossincot
cot


  

 

  Or …    
Bcca

B
A

coscossincot

sin
tan


  

   
 
Spherical Excess… 
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csbsassE
     where     

2

cba
s


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